
Are there gaps in the rationals? Version %There is a sense in whih there is no empty spae in the rational numbers: nomatter how lose together two rationals are, there are in�nitely many otherrationals between them. In this sense, there are no gaps in the rationals.However, there is a sense in whih there is empty spae in the rationalnumbers. Let
A =

{

r ∈ Q : r > 0 and r2
≤ 2

} and B =
{

s ∈ Q : s > 0 and s2
≥ 2

}

.Clearly, any element of A is less than any element of B. Nonetheless, there is noelement q ∈ Q suh that q is between A and B. Thus it is not always possibleto �nd a rational number between any two sets of rationals. In this sense, thereare gaps in the rationals.To make matters geometrially expliit, onsider the graph of y = 2−x2 usingonly rational numbers. Notie that there's no x ∈ Q that makes 2 − x2 = 0.Thus, the graph never rosses the x-axis, despite the fat that the graph isabove the x-axis at x = 0 and below the x-axis at x = 3. This demonstratesthe existene of a more devious type of gap in the rationals, and the failure of
Q to model our intuition about the physial world.



Show that every in�nite subset of [0, 1]× [0, 1] has a limit point.Let K = [0, 1] × [0, 1] be the unit square and let S ⊆ K. We proeed byproving the ontrapositive: If S has no limit points, then S is �nite.Suppose that S has no limit points. Then for eah p ∈ K, there existssome ball around p not ontaining any point of S, exept perhaps possibly for
p itself. Finitely many of these balls over K, and this over also overs S.Thus, S is �nite beause it an be overed by �nitely many balls. Taking theontrapositive, if S is an in�nite subset of [0, 1]× [0, 1], then S has a limit point.
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.Clearly, any element of A is less than any element of B. Nonetheless, there isno element q ∈ Q suh that q is between A and B. In this sense, there is a gapin the rationals between sets A and B.To make matters geometrially expliit, onsider the graph of y = 2 − x2using only rational numbers. At x = 0, the graph is above the x-axis, and at
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